2. The Definite Integral

(Notes)

2.1 Introduction

In this section, we will further discuss integral. This time, function f(z) isn’t necessary a possitive function. Is the limit
method still avaible to find integral of the function? What about the geometric meaning of integral when function is posstive
and what is the geometric meaning when it is negative? As a funciton and its interval are given, how can we find its integral?
Those questions will be discussed in this section. In the future time, we will discuss how to find arc length, volume of s solid,
force, etc.

2.2 Definition of Definte Integral

Riemann sum

1. Definition 2:
If f is a function defined for x in [a,b], we divide [a,b] into n subintervals of equal width Vo = b*Ta. We let xg, 1, T2, ...
be the endpoints of these subinterals and we let 2] be any sample points in these subintervals, so x; lies in the ith
subinterval [x;_1,x;]. Then the definite integral of f from a to b is

[P fx)de = Ay — Ay

Provided the limit exists, we say that f is integrable on [a,b]

Remark:

1). About Riemann

2). Riemann sum unique features: Riemann sum contains upper limit and lower limit; Riemann sum is a number, not
dependable on x; Rieman sum is a net area.

2. Net Area: In the notation f; f(z) dz, integrand is f(z). Riemman sum is a net area, not area. We know about the
point from three cases in the following.
1). If f(z) happens to be positive, the definition of Riemman sum has no difference from previous definition of area.
Thus, to find definite integral or Riemman sum is to find area under the curve f(z) from a to b (figure2).
2). If f(x) takes on positive and negative values, the area A; of region that is above the axis is positive, and the area
Ay of the region that is below the axis is negative, and the Riemman sum called net area is A; — Ay, and we can denote
as

f: f(x) dI = Al — A2
3). If subintervals don’t have equal width, we will have a formula such as
b . n *
fa f(@)de = limpapaz,—too Dorey [(2F) Dy

3. Theorem3: If f is continuous on [a,b], or if f has only a finite number of jump discountinuities, then f is integrable on
[a,b]; that is, the definite integral fab f(z) dx exists

4. Theorem4: If f is integrable on [a,b], then

f: f@)de =limy, 00 >y flm) Aw

where

Arx =% andx;=a+ilAzx

n



5. Example 1:
Writing a limit of Riemann sums as an integral Express

limy, o0 Doy (@ 4+ 2;)sine; Az

as an integral on the interval [0, 7]

Solution:
In this question, we know f(z;) = x3 +sinz;, by theorem 4, f(z) = f(z;), thus, f(z) = 23+ sinz and dz = Az . Given
a=0,b=m, we have lim,, 400 Y oy (23 + x;)sinz; Aw = foﬂ f(z)dx

6. Exercisel: textbook p354 17

7. Remark:
In general, we replace z; by =} , we will write the above equation as

JP f@) de = lim oo S0 flaf) Az

2.3 Evaluating Integrals
1. Useful Formulas

Rule: Sums and Powers of Integers

1. The sum of n integers is given by

n
Z i=l+2+---+n=M.
=

2. The sum of consecutive integers squared is given hy

1
E Be1240%4ippt= ali + l]é2n+ 1)‘
i=1
3. The sum of consecutive integers cubed is given by
Y P44t

n’n+1)°
e

Figure 1:

2. Example 2: Evaluting an integral as a limit of Riemann sums

(a) Evaluate the Riemann sum for f(x) = (2® — 62), taking the sample points to be right endpoints and a = 0,b = 3,
and n =6

(b) Evaluate fos 23 — 6z dx
(c) solution:

i. When n = 6, the interval width is

_b—a _ 3-0 _
Ar =208 =7 =

the right endpoints are x1 = 0.5, 20 = 1.0, 23 = 1.5, 24 = 2.0, 25

|| N—=

2.5, and zg = 3.0. So the Riemann sum is

A= lim R,

n—-+o0o

= lim [f(z1)Dz+ f(z2) Dz + ...+ f(z,) A x]

n—-+o0o
1

= —(—2.875—-5—-5.625—4+4+0.625+4+9
2

= —3.9375

ii. With n subintevals we have



3 6

Thus, g = 0,21 = 5,32 = ,

n?

follows:

/abf( dz =

(d) Remark:

and in general, x; =

lim
n—+4oo

lim
n—-+4oo

Zfacz ) A

>r?
i=1

, 3i 3i..3
ngrfm;[(g) —6( )]~
=27 . 18 3
nglfoo;[(g %) = — xi]—
i (37~ 2
n—>+oon - 2 —

81 n(n—i—l)2 54n(n+1)
LI o e e R T
81 1 1

lim [—(1+ =) —27(1 + —
Jim [+ ) 1+ )]

81
= 27
4

27

4
—6.75

%. We use right endpoints, by Theorem 4, we have the

i) When increasing the number of n, for example, n = 40, we find the table below shows the better estimating for

Riemanne sum.

n

40

100

500

1000

5000

Ry

-6.3998

-6.6130

6.7229

-6.7365

-6.7471

ii) From the graph, this integral cannot be interpreted as an area of the function f because f takes on both positive
and negative values. Therefore, this integral is the net area of the function f, and denoted as A; — As

3. Example 3:

(a) Set up an expression for f13 e3 dx as a limit of sums

(b) Use a computer aslgebra system to evaluate the expression

Solution:

&1

64

Figure 2:

x




" n 2 4 6
Thus, zo = 1,21 =1+ 2,00 =1+ ., 23 =1+, and
from Theorem 4, we have

n

3
/Iemdx:ngrfw;f(xi)Ax
R 2i, 2
=, 2 0T

. 2 o 2
= lim 75 elts
n—+4oo N
=1

ii. By computer algebra system, after simplifying, we obtain

n 1+2 __ e n_ —e n
D e T = PR
en

Now, we find the solution by using computer algebra system

xT 2 e n_ —e n

3 .
fl erdx = hmn_>+oo n = T,

2.4 Geometric Evaluation Method

Example 4: Evaluate the following integrals by interpreting each in terms of areas:
1) VO - (=32 de
2) [z —1)da

Solution:

1) We find f(z) = /9 — (z — 3)? is a positive function. Thus, this integral can be explained as an area under the curve
y = +/9— (z—3)2 from 3 to 6. Thus, we have y> = 9 — (z — 3)2, and (z — 3)? + y? = 9, which shows the graph is a
quater of a circle with center(3,0) and radius = 3

JSV/9— (x —3)%de = &7 ~ 7.069

f(X) = @ — (x — 3)

Figure 3:

2) The graph of y = x — 2 is the line with slope 1 shown in Figure. That is, the curve has part of graph above
x-axis, and part of it below x-axis. We compute the integral as the difference of the areas of the two triangles.

JS(@—2)de = Ay — Ay = |1(2%2) — L(4x4)| =10



Figure 4:

2.4 The Midpoint Rule

To find an approaximation to an integral, we usually better choose z to be the midpoint of a subinterval, we denoted the
point as &

The Midpoint Rule
[P fx)de = f(Z1) Dx+ f(T2) D+ .+ f(Tn) Az
where Az = =2

and z; = %(xi_l + ;)= midpoint of [z;_1, ;]

Example 5

Use the Midpoint Rule with n = 5 to approximate f12 %

Solution:

Since a = 0, b = 1, the width of each subinteral is . So the five subintervals are [1,1.2],[1.2,1.4],[1.4,1.6],[1.6,1.8],[1.8,2], their
midpoints, repectively, are 1.1,1.3,1.5,1.7, and 1.9. Thus, the Midpoint Rule find its integral

T

T 5'1.1 0 1.3
= 0.691908

2
/ L D A et F13) At ot f19) Ax
1

1.7 1.9

NS
1.5

2.5 Properties of the Defintie Integral

e Properties 1 - 5

f; fx)dx = —fba f(z)dx
if a =10, then Az =0, so
f: f(x)dz =0
Other properties:
1) f;cdx =c(b—a)
2) [, (f(@) +g(x) dw = [ f(x) dw + [ g(x) dx
3) ff(cf(x)) dx = cfab f(x)dx
1) [} (f(@) = g(a) o = [} f(x) dz ~ [} g(a) de

Example 6 Use the properties of integral to evaluate f01(4 + 32?) dz
Solution: Use Properties 2 and 3 of integrals, we have



1 1 1
/(4+3x2)da::/ 4dx+/ 327 dx
0 0 0
1 1
:/ 4d:1c+3/ 22 dx
0 0

from property 1, we have

Jydde=4(1-0)=4
from previous section Eample 2
1 1
fo a? dz = 3

So

1 1 1
/(4+3x2)dx:/ 4dm+/ 32° dx
0 0 0
1 1
:/ 4dac+3/ x? da
0 0

—4+43.

W =

e Properties 6

JSf@)de + [0 f(z)de = [)(f(2) + f(z)dz

Example 7

If it is known that folo f(x)dr =17, and fos f(z) =12, find fglo f(x)dx.
Solution: By Property 5,

we have

I f@)de + [0 fa)de = [,° f(z) do

e Properties 7 -9
7 If f(z) >0 for a <z < b, then fjf(:z:)d:r >0
8) If f(x) > g(x) for a < z < b, then f: flx)de > [ g(x)dx
9) IfmZMforangb,thenm(b—a)§fabf(x)dx<M(b—a)

Example 8 Use Property 9 to estimate fol e da

Solution: In this question, we know f(z) = e=*", this is a decreasing function from its graph ((insert a picture)) on

[0,1]. From the graph, we can easily see the absolute maximum value is M = f(0) = 1 and absolute minimum value is
m = f(1) = e~. Thus, by property 9,
el (1-0)< [ e de <1(1-0)

Since e~! ~ 0.3679, thus, we can write

0.367 < [ e da < 1(1 - 0)



2.6 Conclusion

1) In this section, we have discussed using right-end method we previous learned to find limit of Riemann sum. The difference
of the section from the last section about finding limit of sum in right-end point method lies on sign of function value, which
we found the sum of the function areas is a net area. In other word, such area values sometimes are negative, not always
positive.

2) Property 1 of definite integral tells us a change of definite integral in sign when we reverse the limits of the integral, but
no change of the value of the integral.

3) Properties 2, 4 and 5 of definite integral provide us a method to simplify integral by breaking down an entire function
f(x) within its interval, and calculate ithe function’s sub-integrals within each sub-interval

4) Properties 9 provides us a way to estimate a definite integral by identifing if a function’s increasing or decreasing so that
their absolute maximum(global maximum) or absolute minimum(global minimum) can be revealed.



